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Abstract 

Let A be a finite abelian group. A dynamical system with transformation 
group A is a triple {A, A, a), consisting of a unital locally convex algebra A, 
the finite abelian group A and a group homomorphism a : A ^ Aut(A), 
which induces an action of A on A. In this paper we present a new, geo- 
metrically oriented approach to the noncommutative geometry of principal 
bundles with finite abelian structure group based on such dynamical systems. 
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1 Introduction 

The correspondence between geometric spaces and commutative algebras is a fa- 
miliar and basic idea of algebraic geometry. Noncommutative Topology started 
with the famous Gelfand-Naimark Theorems: Every commutative C*-algebra is 
the algebra of continuous functions vanishing at infinity on a locally compact space 
and vice versa. In particular, a noncommutative C*-algebra may be viewed as "the 
algebra of continuous functions vanishing at infinity" on a "quantum space" . The 
aim of Noncommutative Geometry is to develop the basic concepts of Topology, 
Measure Theory and Differential Geometry in algebraic terms and then to gener- 
alize the corresponding classical results to the setting of noncommutative algebras. 
The question whether there is a way to translate the geometric concept of a fibre 
bundle to Noncommutative Geometry is quite interesting in this context. In the 
case of vector bundles a refined version of the Theorem of Serre and Swan [T3] gives 
the essential clue: The category of vector bundles over a manifold M is equivalent 



to the category of finitely generated projective modules over C°°(M). It is there- 
fore reasonable to consider finitely generated projective modules over an arbitrary 
algebra as "noncommutative vector bundles" . The case of principal bundles is so 
far not treated in the same satisfactory way. From a geometrical point of view 
it is not sufficiently well understood what a "noncommutative principal bundle" 
should be. Still, there are several approaches towards the noncommutative geome- 
try of principal bundles: For example, there is a well-developed abstract algebraic 
approach known as Hopf-Galois extensions which uses the theory of Hopf alge- 
bras (cf. [12] or [7J Chapter VII]). Another topologically oriented approach can 
be found in [4|; here the authors use C*-algebraic methods to develop a theory 
of principal noncommutative torus bundles based on Green' s Theorem (cf. [6l 
Corollary 15]). Furthermore, the authors of [T] introduce C*-algebraic analogs of 
freeness and properness, since by a classical result (of Differential Geometry) hav- 
ing a free and proper action of a Lie Group G on a manifold P is equivalent saying 
that P carries the structure of a principal bundle with structure group G. In 
[17] we have developed a geometrically oriented approach to the noncommutative 
geometry of principal bundles based on dynamical systems and the representation 
theory of the corresponding transformation groups. 

As is well-known from classical Differential Geometry, the relation between 
locally and globally defined objects is important for many constructions and ap- 
plications. For example, a principal bundle {P, M, G, q, a) can be considered as 
a geometric object that is glued together from local pieces which are trivial, i.e., 
which are of the form U x G iox some open subset U oi M . Thus, a natural step 
towards a geometrically oriented theory of "noncommutative principal bundles" is 
to describe the trivial objects first, i.e., to determine and to classify the "trivial" 
noncommutative principal bundles. The case of the n-torus, i.e., G = T", was 
treated in [IB] : 

Definition 1.1. (Trivial noncommutative principal torus bundles). A (smooth) 
dynamical system (A,T",a) is called a [smooth) trivial noncommutative principal 
T" -bundle, if each isotypic component Ak, k G Z", contains an invcrtiblc element. 

A hint for the quality of this definition for trivial noncommutative principal torus 
bundles is the observation that they have a natural counterpart in the theory of 
Hopf-Galois extensions: In fact, up to a suitable completion, they correspond to 
the so-called cleft C[Z"]-comodule algebras; a notion that is close, although in 
general not equivalent, to the triviality of a principal bundle: 

Remark 1.2. (Rcaltion to cleft Hopf-Galois extensions). Let G be a group. An 
algebra A is a C[G]-comodulc algebra if and only if A is a G-gradcd algebra (cf. 
[21 Lemma 4.8]). Moreover, we conclude from [T21 Example 2.1.4] that a G-graded 
algebra A = ®g^QAg is a Hopf-Galois extension (of Ai^) if and only if A is 
strongly graded, i.e., if AgAgi ~ Agg> for all g,g' G G. Now, a short calculation 
shows that a C[G]-comodule algebra A is cleft if and only if each grading space Ag 
contains an invertible element. For more background on Hopf-Galois extensions, 
in particular for the definition of cleft extensions, we refer to [HJ Section 2.2]. 
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Unfortunately, if A is a finite abelian group, then the class of cleft C[A]-comodule 
algebras do not extend the classical geometry of trivial principal A-bundles. 

Our approach inspired by the following observation: Without loss of generality 
we may assume that A = C„j x • • • x C„j. , where fc G N and each Cm denotes the 
cyclic group of order rii. A principal A-bundlc (P, A/, A, g, cr) is trivial if and only 
if it admits a trivialization map. Such a trivialization map consists basically of k 
(smooth) functions fi'.P^ Cm satisfying /"* = 1 and fi{cr{p, A)) = fi{p) ■ K for 
all p G P and A = (Ai, . . . , A^) G A. From an algebraical point of view this con- 
dition means that each isotypic component of the (naturally) induced dynamical 
system (C°°(P), A, a) contains an invertible element of (some prescribed) finite 
order. 

In Section 2 we present a geometrically oriented approach to the noncommu- 
tative geometry of trivial principal C„-bundles based on dynamical systems of the 
form {A,Cn,a). We will in particular see that this approach extends the classi- 
cal geometry of trivial principal C„-bundles: If A = C°°{P) for some manifold P, 
then we recover a trivial principal C„-bundle and, conversely, each trivial principal 
bundle (P, M, C„, q, a) gives rise to a trivial noncommutative principal C„-bundle 
of the form {C°^ {P),Cn,a). 

While in classical (commutative) differential geometry there exists up to iso- 
morphy only one trivial principal C„-bundle over a given manifold M ^ the situation 
completely changes in the noncommutative world. Indeed, Fourier decomposition 
shows that the underlying algebraic structure of a trivial noncommutative prin- 
cipal C„-bundle (A, C„,a) is the one of a so-called (C„, A'^")-crossed product 
algebra, which are described and classified in Appendix [X] Thus, given a unital 
algebra B (which serves as a " base"), the main goal of the third section is to 
provide a complete classification of (C„, P)-crosscd product algebras for which the 
associtated sequence H]) of groups is split, i.e., to classify all "algebraically" trivial 
noncommutative principal C„-bundles with fixed point algebra B. 

The goal of Section 4 is to extend the results of Section 2 to finite abelian groups 
(which are, up to an isomorphism, products of cyclic groups), i.e., to present a 
geometrically oriented approach to the noncommutative geometry of trivial prin- 
cipal bundles with finite abelian structure group based on dynamical systems of 
the form (A, A, a), where A denotes a finite abelian group. Again, we will see 
that this approach extends the classical geometry of trivial principal A-bundles: 
li A = C°°{P) for some manifold P, then we recover a trivial principal A-bundle 
and, conversely, each trivial principal bundle (P, M, A, q, a) gives rise to a triv- 
ial noncommutative principal A-bundlc of the form (C°°(P), A, a). Moreover, we 
present a bunch of examples of trivial noncommutative principal A-bundles. In 
particular, given n G N, we will sec that the matrix algebra M„(C) carries the 
structure of a trivial noncommutative principal C„ x C„-bundle. Furthermore, 
the last part of Section 4 is dedicated to some ideas and problems concerning a 
classification theory of " algebraically" trivial noncommutative principal A-bundles 
(with a prescribed fixed point algebra B). 

Again, let A be a finite abelian group. Section 5 is finally devoted to a geomet- 
rically oriented approach to the noncommutative geometry of principal A-bundlcs. 
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Since the freeness property of a group action is a local condition (cf. [121 Remark 
8.10]), our main idea is inspired by the classical setting: Loosely speaking, a dy- 
namical system (A, A, a) is called a noncommutative principal A-bundle, if it is 
"locally" a trivial noncommutative principal A-bundle in the sense of Section H) At 
this point a localization method for non-commutative algebras or, more generally, 
for dynamical systems enters the game (cf. [H]). We prove that this approach 
extends the classical theory of principal A-bundles and present some noncommu- 
tative examples. In fact, we first show that each trivial noncommutative principal 
A-bundlc carries the structure of a noncommutative principal A-bundlc in its own 
right. We further show that examples of noncommutative principal A-bundles 
are provided by sections of algebra bundles with trivial noncommutative principal 
A-bundle as fibre, sections of algebra bundles which are pull-backs of principal 
A-bundles and sections of trivial equivariant algebra bundles. 

Let G be a group and i? be a unital algebra. A (G, i?)-crossed product algebra 
is a G-graded unital algebra with = B and the additional property that each 
grading space contains an invertible element. For example, if G is abelian and 
B = C, then a (G, i3)-crossed product algebra is the same as a G-quantum torus 
in the terminology of . In Appendix A wc introduce a "cohomology theory" for 
crossed product algebras, which is inspired by the classical cohomology theory of 
groups. The corresponding cohomology spaces are crucial for the classification of 
trivial noncommutative principal bundles with compact abelian structure group. 
A detailed discussion for the case G = Z" can be found in [TB]. Finally, given a 
compact abelian group G, the last part of the appendix is devoted to a Landstad 
duality theorem for G*-dynamical systems (A, G,a) with the property that each 
isotypic component contains an invertible element. We did not find such a result 
in the literature. 

The present paper is part of a larger program with the intend of finding a 
geometric approach to noncommutative principal bundles (cf. [T7], [TH] and [H]). 



Preliminaries and Notations 

All manifolds appearing in this paper are assumed to be finite-dimensional, para- 
compact, second countable and smooth. For the necessary background on (prin- 
cipal) bundles and vector bundles we refer to |Hj. AH algebras are assumed to be 
associative and complex if not mentioned otherwise. Given an algebra A, we write 
:= Homaig(A, C)\{0} (with the topology of pointwisc convergence on A) for 
the spectrum of A and Aut(A) for the corresponding group of automorphisms in 
the category of A. Moreover, a dynamical system is a triple {A,G,a), consisting 
of a unital locally convex algebra A, a topological group G and a group homomor- 
phism a : G — > Aut{A), which induces a continuous action of G on A. Wc will 
also make use of concepts coming from classical group cohomology: If G, H are 
groups and p eNq, we say that a map / : G^ — > i7 is normalized if 

(3j)5i = lG f{gi,...,gp) = lH 
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and write C^{G, H) for the space of all normalized maps — > H, the so called p- 
cochains. For a detailed background on group cohomology we refer to [HI Chapter 
IV]. Finally, for n £ N we write 

lui 

C„ := {z e : z" = 1} = {C''' : C cxp( ), fc = 0, 1, . . . , n - 1} 

n 

for the cyclic subgroup of T of n-th roots of unity. 
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2 Trivial Noncommutative Principal C„-Bundles 

In this section we present a geometrically oriented approach to the noncommuta- 
tive geometry of trivial principal C„-bundles based on dynamical systems of the 
form [A^CmOL). Wc will in particular see that this approach extends the classi- 
cal geometry of trivial principal C„-bundlcs: li A~ C°°{P) for some manifold P, 
then we recover a trivial principal C„-bundle and, conversely, each trivial principal 
bundle (P, M, C„, q, a) gives rise to a trivial noncommutative principal C„-bundle 
of the form (C°°(P), C„, a). 

Notation 2.1. We recall that the map 

^■.Cn^ Homg,.(C„,T), «'(C')(C) C' 

is an isomorphism of abelian groups. In the following we will identify the character 
group of Cn with C„ via the isomorphism ^P. In particular, if A is a unital locally 
convex algebra and {A, C„, a) a dynamical system, then we write 

Ak ^{aeA: a(C).a - ^{("m ■ a = C'' • «} 

for the isotypic component corresponding to C*^', k — 0,1, . . . ,ti — 1. 

Definition 2.2. (Trivial noncommutative principal C„-bundles). A dynamical 
system (A, C„,a) is called a trivial noncommutative principal Cn-bundle if each 
isotypic component Ak contains an invertible element satisfying = 1a- 

Remark 2.3. Let (A, C„, a) be a dynamical system such that each isotypic com- 
ponent Ak, k = 0,1, . . . ,n — 1, contains an invertible element. Then the set 

U 

0<fe<ri-l 

of homogeneous units is a subgroup oi A^ containing and we thus obtain the 
following short exact sequence 

l^A^ ^A^^^C^^l (1) 
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of groups, where q{ak) C'^- 

Proposition 2.4. A dynamical system (A,C„,a) is a trivial noncommutative 
principal Cn-bundle if and only if the associtated sequence ([7|) is split, i.e., if there 
is a group homomorphism a : C„ — S- satisfying q o a = idc„ • 

Proof (" ") For this direction we first clioose an invertible element ai G Ai 
satisfying a" = lyj. Then a short calculation shows that the map 

defines a group homomorphism splitting the associated sequence ([T]) of groups. 

("<;=") Let CT : C„ — > A^ be a group homomorphism splitting the associated 
sequence ([T]) of groups and put := cr(C)'^. Then € Ak is invertible by 
definition and satisfies = cr(C)''" = cr(C'=") = ct(1) = 1a- ■ 

Remark 2.5. Let {A,C'n,ct) be a trivial noncommutative principal C„-bundle 
and cr : C„ — !■ A^ a group homomorphism which splits ([T]). Then the map 

X5C„^ (ao,C')^ao^T(C)' 

is an isomorphism of groups, where the semidirect product is defined by the ho- 
momorphism 

S ~ C^x OCT : C„ ^ Aut(Ao^) 

and C^x : A^ — !> Aut(AQ ) denotes the conjugation action of A^ on Aq . 

Lemma 2.6. Let (A, C„,a) be a dynamical system and B :— A*^". Then the 
following statements are equivalent: 

(a) There exist invertible elements ai £ Ai and hi £ B such that a" = b". 

(b) For each fc = 0, 1, . . . , n — 1 there exist invertible element G Ak and b^ G B 
such that a^' — ¥^ . 

Proof (a) ^ (b): For = 0, 1, . . . , n — 1 we simply put := a\ and bk := b\. 
Then G A^ and bk & B are both invertible and we have 

n kn ( n\k ^U'n\k ^uk\n in 

Ofc^Oi =(ai) =(6i) =(6i) =6fe. 

(b) (a): This direction is obvious. ■ 

Proposition 2.7. Let {A,Cn,ct) be a dynamical system such that B := A'-^"- is 
a central subalgebra of A. Then (A, C„,a) is a trivial noncommutative principal 
Cn-bundle if and only if (A, C„,a) satisfies one of the equivalent conditions of 
Lemma 12.6] 

Proof (" =^ ") This direction immediately follows from Definition 12.21 

(" ") For the other direction we first choose an invertible element oi G Ai 
and 6i G B such that a" = 6". Then a short calculation shows that the map 

defines a group homomorphism splitting the associated sequence ([1]) of groups. ■ 
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Lemma 2.8. If A is a commutative unital locally convex algebra and (A, C„,a) 
a dynamical system such that each isotypic component Ak contains an invertible 
element, then the induced map 

defines a free action of Cn on the spectrum Ta of A. 

Proof An easy observation shows that a defines an action of C„ on the spectrum 
r^. The crucial part is to verify the freeness of the map ct, i.e., to show that the 
stabihzer of each element of Ta is trivial: For this, we first choose an invertible 
element ai E Ai. Now, let x G and < ^ < ?i — 1 such that x-C' = X°Q!(CO = X- 
Then 

ix o a(C'))(ai) = x(«(C')-ai) - C' ' xK) = x(ai) 

implies that ^' = 1 and thus in turn that I = 0, which proves the freeness of the 
map a. ■ 

Remark 2.9. If P is a manifold, p £ P and 5p the corresponding point evaluation 
map on C°°(P), then there is a unique smooth structure on the spectrum Tc^(p) 
of C°°{P) for which the map 

$ : P — > Tc^{p), p ^ 5p 

becomes a diffeomorphism. A proof of this statement can be found in [181 Lemma 
2.5]. 

Proposition 2.10. Let P he a manifold and {C°°{P),Cn,a) a dynamical system 
such that each isotypic component C°°{P)k contains an invertible element. Then 
the map 

a:PxCn^P, {6p, C*=) ^ Sp o a(C^), 

where we have identified P with the set of characters via the map $ from Remark 
\2. 9\ is smooth and defines a free and proper action of C„ on the manifold P. In 
particular, we obtain a principal bundle (P, P/C„, C„, pr, a), where pr : P ^> P/C„ 
denotes the canonical orbit map. 

Proof Since the group C„ is finite, the map a is obviously smooth and proper. 
Its freeness follows from Lemma 12.81 Therefore, the Quotient Theorem implies 
that we obtain a principal bundle (P, P/C„, C„, pr, ct) (cf. [151 Kapitel VIII, Satz 
21.6]). ■ 

Theorem 2.11. (Trivial principal Cn-bundles) . Let P he a manifold. Then the 
following assertions hold: 

(a) If {C°°{P),Cn,a) is a trivial noncommutative principal Cn-bundle, then the 
corresponding principal bundle (P, P/C„, C„, pr, cr) of Proposition \ 2.1 01 is 
trivial. 
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(b) Conversely, if {P, M,Cn,q,<y) is a trivial principal Cn-bundle, then the cor- 
responding dynamical system {C°°{P),Cn,a) defined by 

a : C„ X C°°(P) ^ C°°{P), a(C',/)(p) := (C'-fKp) := fHpX')), 
is a trivial noncommutative principal Cn-bundle. 

Proof (a) If (C°°(P), C„, a) is a trivial noncommutative principal C„-bundle, 
then we may choose an invertible element / S C°°(P)i satisfying /" = 1 from we 
conclude that im(/) = C„. In particular, the map 

ip-.P^ P/Cn X C„, p^ (pr(p), fip)) 

defines an equivalence of principal C„-bundles over P/Cn implying that the prin- 
cipal bundle {P,P/Cn,CmWTcr) of Proposition BTTUl is trivial. 

(b) Conversely, let (P, Af, C„, g, a) be a trivial principal C„-bundle and 

^:P->MxC„, p^{q{p)J{p)) 

be an equivalence of principal C„-bundles over M . Wc first note that the function 
/ S C°°{P) is invertible. Furthermore, the C„-equivariance of (p implies that 
/ e C7°°(P)i. Therefore, / S C°°(P)i is invertible with /" = 1. We thus conclude 
that (C°°(P), C„, a) is trivial noncommutative principal C„-bundle. ■ 

3 Classification of Trivial Noncommutative 
Principal C„-Bundles 

While in classical (commutative) differential geometry there exists up to isomor- 
phy only one trivial principal C„-bundle over a given manifold M , the situation 
completely changes in the noncommutative world. Indeed, Fourier decomposi- 
tion shows that the underlying algebraic structure of a trivial noncommutative 
principal C„-bundle {A, Cn, a) is the one of a so-called (C„, A*^" )-crossed product 
algebra, which are described and classified in Appendij^ Thus, given a unital 
algebra B (which serves as a " base"), the main goal of this section is to pro- 
vide a complete classification of (C„, B)-crossed product algebras for which the 
associtated sequence H]) of groups is split, i.e., to classify all "algebraically" trivial 
noncommutative principal C„-bundles with fixed point algebra B. 

Definition 3.1. Let P be a unital algebra. We say that two group homomor- 
phisms S, S' : C„ — > Aut(P) are equivalent and write in that case S' ~ 5" if there 
exists an element h G C^{Cn, B^) satisfying the following two conditions: 

(i) We have S' = (CB°h)-S, where Cb '■ B^ — > Aut(P) denotes the conjugation 
action of P^ on P. 

(ii) The class [dsh] e H'^{Cn, Z{B)^)s vanishes, where 
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Remark 3.2. To see that the 2-cochain dsh in Definition 13.11 (ii) is actually a 2- 
cocycle, we just have to note that condition (i) is equivalent to im{dsh) C Z{B)^, 
which in turn implies that dsh € Z'^{Cn, Z{BY)s (cf. [TOl Remark 2.20 (b)]). 

Lemma 3.3. Let B he a unital algebra. Then ~ defines an equivalence relation 
on the set Homgi (C„, Aut(i?)) 

Proof For the proof we have to check that ~ is reflexive, symmetric and transi- 
tive: 

• "Reflcxivity" : Wc just take h = 1b- 

• "Symmetric": We take h' := h^^. Then a short calculation shows that 
ds'h' = dsh. 

• "Transitivity": If 5 - S" with h e C\Cn,B'') and S' - S" with 
/i' e CHC„, B^), then we easily conclude S ~ S" with h' ■ h € C^{Cn, B""). 
In fact, another short calculation yields to ds{h' ■ h) = ds'h' + dsh. 



Definition 3.4. (Set of equivalence classes). Let i? be a unital algebra. We write 
Ext(C„, i?)spiit for the set of all equivalence classes of (C„, i3)-crossed product 
algebras for which the associtated sequence ([T]) of groups is split. 

Proposition 3.5. Let B he a unital algebra and S : C„ — >■ Aut(i?) a group homo- 
morphism. Then the (Cn, B)- crossed product algebra As := ^(s,i) of Construction 
\A.11\ defines an element o/ Ext(C„, i3)spiit. 

Proof We just have to note that the map cr : C„ — > A,^, cr(C'^) := V/^k defines a 
group homomorphism splitting the associated sequence ([1]) of groups. ■ 

Theorem 3.6. Let B be a unital algebra. Then the map 

$ : Homgr(C„, Aut(B))/ ~ ^ Ext(C7„, B),pnt, [S] ^ [As] 
is a well-defined bijection. 

Proof We divide the proof of this theorem into three parts: 

(i) That the map <& is well-defined is a consequence of Proposition 13.51 and [TUl 
Remark 2.20 (b)]: In fact, if S* - S" with h e CHC„, B""), then we get 

[As] - [A^s',dsk)] - [dsh].[As>] - [As>] 

(cf. Theorem [08]) . 

(ii) Next, we show that $ is surjcctivc: For this, let [A] G Ext(C„, i?)spiit and 
choose a group homomorphism a : C„ A^ splitting the associated sequence 
(H)) of groups. Then S := Cb o c : Cn — !• Aut(i?) defines a group homomorphism 
satisfying ^[S]) = [As] = [A]. 
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(iii) To see that $ is injective, let S, S' G Homgi.(C„, Aut(S)) with [As] = [As']- 
Then there exists h G (C„ ,B^) with S' = {Cb o h) ■ S what is equivalent to 
im{dsh) C which in turn implies that dsh G Z^{Cn, Z{B)'')s (cf. [TUl 

Remark 2.20 (b)]). Now, we conclude from 

[As] - [Ais'Ash)] = [dsh].[As'] - [As'] 
that [dsh] e H^{Cn,Z{BY)s vanishes. Hence, S* - 5' (with h e CHC„,-B^)). ■ 
Corollary 3.7. If B is commutative, then the map 

$ : Homg,(C„, Aut(B)) ^ Ext(C„, B)spiit, 5 ^ 
is a well-defined bijection. 

Proof The assertion immediately follows from Theorem 13.61 and the fact that in 
this case we have 5 ~ S" if and only if 5 = S". ■ 

Remark 3.8. Let A be an abelian group and S : Cn ^ Aut(A) be a group 
homomorphism. Further, let A^A be the subgroup of A generated by the elements 
of the form A + 5(C). A + . . . + 5(C""i).A for A e A, i.e., 

A^A := (A + 5(C). A + . . . + 5(C""^).A : A e A) . 

Then we have 

i/2(c„,A)s = AC"/AfA. 

In particular, if 5 is trivial, then 7J^(C„, A) = A/nA and thus H^{Cn, A) is trivial 
for divisible A. A nice reference for the previous discussion is [9l Chapter IV, 
Section 7]. 

Example 3.9. If i? = C, then Aut(_B) ~ {idc}- We thus conclude from Corol- 
larv 13.71 and Remark 13.81 that Ext(C„, C)spiit consists of a single element which is 
geometrically realized as the trivial principal C„-bundle over a single point {*}, 
which algebraically corresponds to the group algebra C[C„]. 

Example 3.10. If B = C°°(A/) for some manifold M, then Aut(B) = Diff(A/). 
We thus conclude from Corollarv 13.71 that Ext(C„, C°°(M))spiit is classified by 
diffcomorphisms of the manifold M of finite order n. In particular, the trivial 
principal C„-bundle over M corresponds to the trivial diffeomorphism, i.e., to 
5 = 1. 

Example 3.11. Let B = M™(C) for some m £ N. Then Z(M™(C)) ^ 
and according to the well-known Skolem-Nocthcr Theorem each automorphism of 
M,„(C) is inner. In particular, each group homomorphism 5' : C„ — > Inn(M,„(C)) 
is equivalent to 5 = 1, since H^{Cn, C^) is trivial (cf. Remark l3.8p . From this we 
conclude that Ext(C„ , M„i (C))spiit consists of a single element, which is realized by 
the group algebra Mm(C)[C„] (with multiplication given by the usual convolution 
product). 
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4 Trivial Noncommutative Principal Bundles with 
Finite Abelian Structure Group 



In the following let A be a finite abelian group. The goal of this section is to present 
a geometrically oriented approach to the noncommutative geometry of trivial prin- 
cipal A-bundles based on dynamical systems of the form (A, A, a). Again, wc will 
see that this approach extends the classical geometry of trivial principal A-bundlcs: 
If ^ = C°°{P) for some manifold P, then wc recover a trivial principal A-bundle 
and, conversely, each trivial principal bundle (P, M, A, q, a) gives rise to a trivial 
noncommutative principal A-bundlc of the form (C°°(P), A, a). 

Notation 4.1. Given a finite abelian group A, the Structure Theorem for finitely 
generated abelian groups implies that A is isomorphic to a finite product of cyclic 
groups. Thus, we will in the following always assume that A = C„j x • • • x C„,, 
for some fc G N. Here, 

Cn, {z e : z"' = 1} = {(1 : Q exp( — ), / = 0, 1, . . . , - 1}. 

Hi 

for I = 1, . . . , fc. A short observation shows that the character group of A is 
canonically isomorphic to A (as abelian group). In fact, the map 

* : A^Honv(A,T), *(1, . . . , . ■ . , 1)(1, . • • , 0, • • • , 1) := 

(2) 

defines an isomorphism of abelian groups. In the following wc will identify the 
character group of A with A via the isomorphism 4*. Moreover, if {A, A, a) is a 
dynamical system, then wc write 

A{h,...,ik) ^*(c;i,...,cl.'") 

for the isotypic component corresponding to the clement (<^{^ , . . . , C^*") G A. In 
particular, if denotes the i-th standard basis vector in M'^, then we write 

Aj Aq^ . 

Definition 4.2. (Trivial noncommutative principal A-bundles). A dynamical sys- 
tem (A, A, a) is called a trivial noncommutative principal A-bundle if each isotypic 
component Ai contains an invertible element Oi satisfying a"' — Ia- 

Remark 4.3. Of course, if A consists of a single factor, i.e., if A = C„ for some 
n e N, then Definition 14.21 coincides with Definition 12.21 

Remark 4.4. Let {A, A, a) be a dynamical system such that each isotypic com- 
ponent contains an invertible element. Then the set A^ of homogeneous units 
is a subgroup oi A^ containing Aq and we thus obtain the following short exact 
sequence 

l^A^ ^A^^^A^l (3) 



Ci for i = j 
1 otherwise. 
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of groups, where q{aj^i^ i^^) := , . . . , (j!'). For each i = 1, . . . , fc, the natural 
inclusion map ^ : C„. — > A leads to a pull back extension 

E,:1^A^ ^ Al^ 1 (4) 

of ©. Here, 

0<i<Tli-l 

Proposition 4.5. A dynamical system (A, A, a) is a trivial noncommutative prin- 
cipal A-bundle if and only if each pull back extension Ei Q of the associtated 
sequence (0) of groups is split, i.e., if for each « = 1, . . . , fc there is a group homo- 
morphism Oi : Cn- — >■ A^ satisfying q o ai = idc„ . • 

Proof ( " =^ " ) For this direction we first choose for each i = 1, . . . , fc an invertible 
element Oi G Ai satisfying a"' = Ia- Then a short calculation shows that the map 

a, : ^ Al^, aid) := (a,)', / = 0, . . . - 1 

defines a group homomorphism splitting the pull back extension Ei. 

(" <^ ") For each i = 1, . . . , fc, let : Cm — > A^ - be a group homomorphism 
splitting the the pull back extension Ei and put (7(Ci)''- Then G is 

invertible by definition and satisfies a"' — (t(C)'^'"i = cr(C'"'"*) = a{l) = Ia- H 

Lemma 4.6. If A is a commutative unital locally convex algebra and (A, A, a) 
a dynamical system such that each isotypic component contains an invertible ele- 
ment, then the induced map 

a : Fa X A ^ Fa, X-A := cr(x, A) := x o a{\) 

defines a free action of A on the spectrum Ta of A. 

Proof The proof of this assertion is similar to the proof of Lemma Alterna- 
tively, we refer to [IHl Proposition 5.6]. ■ 

Proposition 4.7. Let P be a manifold and {C°°{P),A,a) a dynamical system 
such that each isotypic component contains an invertible element. Then the map 

a : P X A-^ P, {Sp,X) Spo a(A), 

where we have identified P with the set of characters via the map $ from Remark 
\2. 9[ is smooth and defines a free and proper action of A on the manifold P. In 
particular, we obtain a principal bundle (P, P/A, A, pr, cr), where pr : P — > P/A 
denotes the canonical orbit map. 

Proof Since the group A is finite, the map a is obviously smooth and proper. The 
freeness of ct is a consequence of Lemma 14.61 Therefore, the Quotient Theorem 
implies that we obtain a principal bundle (P, P/A, A, pr, a) (cf. [121 Kapitel VIII, 
Satz 21.6]). ■ 
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Theorem 4.8. [Trivial principal A-bundles) . If P is a manifold, then the follow- 
ing assertions hold: 

(a) // (C°°(P), A, a) is a smooth trivial NCP A-bundle, then the corresponding 
principal bundle (P, P/A, A, pr, tr) of Proposition [^TT] is trivial. 

(b) Conversely, if (P, M, A, q,a) is a trivial principal A-bundle, then the corre- 
sponding smooth dynamical system (C°°(P),A,a) defined by 

a : A X C°°(P) -> C°°(P), a(A, f){p) {\.f){p) := f{a{p, A)), 

is a trivial noncommutative principal A-bundle. 

Proof (a) If {C°°{P), A, a) is a trivial noncommutative principal A-bundle, then 
we may choose for each i = 1, . . . , an invertible element fi G C°°{P)i satisfying 
= 1 from we conclude that im(/i) = C„. . In particular, the map 

(f-.P^P/AxA, p^ (pr(p), fl{p), . . . , fkp) 

defines an equivalence of principal A-bundles over P/ A implying that the principal 
bundle (P, P/A, A, pr, a) of Proposition |4?7l is trivial. 

(b) Conversely, let (P, M, A, q, a) be a trivial principal A-bundle and 

ip:P^MxA, p^ iq{p), . . . , fkip)) 

be an equivalence of principal A-bundles over M. We first note that each function 
fi G C°^{P) is invertible. Furthermore, the A-equivariance of (p implies that 
f^ e C°°(P),. Therefore, f^ G C^{P\ is invertible with /f' = 1. Wc thus 
conclude that (C°°(P), A,a) is trivial noncommutative principal A-bundle. ■ 

Some More Examples 

Again, let A be a finite abelian group. In this subsection we present a bunch 
of examples of trivial noncommutative principal A-bundles. In particular, given 
n 6 N, we will see that the matrix algebra M„ (C) carries the structure of a trivial 
noncommutative principal C„ x C„-bundle. 

Construction 4.9. (£^-crossed products). Let {A, \\ • ||,* ) be an involutive Banach 
algebra and (A, A, a) a dynamical system. Note that this means that A acts by 
isometries of A. We write P(A, A) for the vector space of functions f : A ^ A and 
define a multiplication on this space by 

(/*g)(A) /(A'HA,5(A-A')). 

A'gA 

Moreover, an involution is given by 

r(A) :=a(A,(/(-A))*). 
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These two operations are continuous for the i^-norm. 

ll/lli:=E 11/(^)11- 



AeA 



For consistency we write £^{A Xa A) for the corresponding involutive Banach al- 
gebra. 



Proposition 4.10. // (A, \\ ■ \\*) is an involutive Banach algebra and {A, A, a) a 
dynamical system, then the map 

a -.Ax £\A x^ A) ^ fiA x„ A), (a(A', /))(A) (A'./)(A) (*(A).(A')) • /(A) 

defines an action of A on £^ {Ax a A) by algebra automorphisms. In particular, the 
triple 

i£\Ax^A),A,a) 

defines a dynamical system. 

Proof The proof of this lemma is similar to the proof of [121 Lemma 2.6]. ■ 

Example 4.11. If {A,\\ ■ ||,*) is an involutive Banach algebra and {A, A, a) a 
dynamical system, then the dynamical system {£^{A xi^ A), A, a) is a trivial NCP 
A-bundle. Indeed, for A G A we define 



for A' = A 
otherwise. 



for A' = 
otherwise 



^a(A') := j 

In particular, we write 
Then 

X'.S, = (*(CO-(A')) • and 6^ * S* ^d*i.d^ = l 
show that 5i is an invertible element of ( A xi „ A) lying in the isotypic component 
£^{A Xa A)i. From this observation and 5" = 1 we conclude that £^{A Xa A) is a 
trivial noncommutative principal A-bundle. 

Definition 4.12. (C*-crossed products). If (^, || • ||,*) is an involutive Banach 
algebra and (A, A, a) a dynamical system, then the enveloping C*-algebra of 
£'^{A Xa A) is denoted by C*{A x^ A) and is called the C* -crossed product as- 
sociated to {A, A, a). 

Example 4.13. If {A,\\ ■ ||,*) is an involutive Banach algebra and {A, A, a) a 
dynamical system, then the action a of Proposition 14.101 extends to a continuous 
action of A on the C*-crossed product C*{A Xq A) by algebra automorphisms. For 
details we refer to the [14j . In particular, the corresponding dynamical system 

{C*{Axa A), A,a) 

is a trivial noncommutative A-bundle. This follows exactly as in Example UTTTJ 
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Remark 4.14. (2-cocycles). A 2-cocycle on A with values in the torus T is a map 
w : A X A — > T satisfying w(Oa, Oa) = 1 and 

w(A, X')lj{\ + A', A") = Lu{\, A' + X")Lji\', A") 

for all A, A', A" e A. Wc write Z^(A, T) for the space of ah 2-cocycle on A with 
values in T. 

Construction 4.15. (^-'^-spaces associated to 2-cocycles). Let {A, \\ ■ \\*) be an 
involutive Banach algebra and w a 2-cocycle in Z^(A,T). The involutive Banach 
algebra i^{A A) is defined similar to Construction 14.91 bv introducing a twisted 
multiplication 

A'eA 

and an involution 



(r)(A) :-c.(A,-A)./(-A). 
In fact, the cocycle property ensures that the multiplication is associative. 

Example 4.16. Let {A, \\ • || ,* ) be an involutive Banach algebra and cj G Z'^{A, T). 
Similarly to Proposition 14. 101 we see that the map 

S : A X x^ A) fiA x„ A), (a(A', /))(A) (A'./)(A) (*(A).(A')) ■ /(A) 

defines an action of A on £^{A x^^ A) by algebra automorphisms. Moreover, the 
corresponding dynamical system 

{£\Ax^A),A,a) 

turns out to be a trivial noncommutative principal A-bundlc (cf. Example 14. 11 [) . 

Example 4.17. The enveloping C*-algebraof ^^(Axj^A) is denoted by C*{AXi^A) 
and is called the twisted group C* -algebra of A by uj. The action a of Example l4.16l 
extends to an action of A on C*{Ax^ A) by algebra automorphisms (cf. Example 
I4.13p . The corresponding dynamical system 

(C*(^x^A),A,a) 

is a trivial noncommutative principal A-bundlc as well. 

Example 4.18. (The matrix algebra). For n e N and ^ cxp(2^) we define 



/I 



c 



R 



\ 



and 
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We note that the matrices R and S are unitary and satisfy the relations i?" = 1, 
5" = 1 and RS = ^ • SR. Further, they generate a C*-subalgebra which clearly 
commutes only with the multiples of the identity, so it has to be the full matrix 
algebra. The map 



a 



(C„ X C„) X M„(C) ^ M„(C), {C,C)-A := R'S'^AS-'^R 



for fc, / = 0, 1, . . . , n — 1 defines a smooth group action of C„ x C„ on M„(C) with 
fixed point algebra C. Since R* = R^^ G M„(C)(i_o) S G M„(C)(o.i), we 
conclude that the triple (M„ (C) , C„ x C„ , a) is a smooth trivial noncommutative 
principal C„ x C„ -bundle. 



Some Remarks on the Classification of Trivial Noncommuta- 
tive Principal Bundles with Finite Abelian Structure Group 

In Section |3] we gave a complete classification of all "algebraically" trivial non- 
commutative principal C„-bundles with a prescribed fixed point algebra B. Un- 
fortunately, a similar classification theory for a general noncommutative principal 
A-bundles seems to be much more involved. As before, Fourier decomposition 
shows that the underlying algebraic structure of a trivial noncommutative princi- 
pal A-bundle {A, A, a) is the one of a so-called (A, A'^)-crossed product algebra, 
which are described and classified in Appendi?JXl Thus, given a unital algebra B 
(which serves as a "base"), the main goal of this short subsection is to discuss 
some ideas and problems concerning a complete classification of (A, i?)-crossed 
product algebras for which the corresponding pull back extensions of the assoc- 
itated sequence (HJ) of groups is split, i.e., to classify all " algebraically" trivial 
noncommutative principal A-bundles with fixed point algebra B (cf. Remark 14.41 
and Proposition 14. 5p . 

Notation 4.19. Let i? be a unital algebra. Then Ext(A, B) denotes the set of all 
equivalence classes of (A, i3)-crossed product algebras (cf. Definition IA.9|) and we 
recall that according to Theorem lA.lSi the map 

X : Ext(A,i3) ^ H^A,B), [A] ^ x{A) = [S,u:] 

is a well-defined bijection, i.e., the cohomology space H^{A,B) from Subsection 
lA.l [ classifies set of all equivalence classes of (A, i3)-crossed product algebras. More- 
over, if [A] G Ext(A,J5) with x(^) = [S,uj], then we write [S'j,Wj] G H^iCni,B) 
for the factor system of the pull back extensions Ei Q of the associtated sequence 
©. 
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Definition 4.20. Let i? be a unital algebra. We write Ext(A, B)ss for the set of all 

equivalence classes of (A, i?)-crossed product algebras for which the corresponding 
pull back extensions of the associtated sequence ^ of groups is split. Here, "ss" 
stands for "semisplit". 

Lemma 4.21. Let B be a unital algebra. Then 

Ext(A,B),3 = {[A] G Ext(A,B) : (VI < i < fc) e Ext(C„. , S),piit} 

(c/. Definition \3.4\ and Construction \A . 1 1\ . 

Proof The assertion is just an easy consequence of Notation 14.191 and Lemma 
WM ■ 

Example 4.22. Let B = C. Then Example [33] implies that Ext(A, C)ss = 
Ext(A,C). Further, we conclude from Remark IA.19I that Ext(A, C) is classified 
by the space iJ^(A, C^), which in turn can easily be computed with the help of 
[TTl Proposition 11.4]. For example, if A = C„ x C„, then 

A short observation shows that the class of the trivial noncommutative principal 
Cn X C„-bundle (M„(C), C„ x C„, a) of Example 14. 181 corresponds to the element 
exp(2f). 

Example 4.23. Let B = M„i(C) for some m e N. Then Example [3.111 implies 
that the set Ext(C„, Mm(C))spiit consists of a single element. In particular, we 
conclude that Ext(A, Mm(C)) = Ext(A, Mm(C))ss. Since each automorphism of 
M„(C) is inner, Ext(A,M„(C)) is classified by H'^{A,C'') (cf. Theorem [XTS]) . 
which in turn can easily be computed with the help of [TTJ Proposition 11.4]. 

We close this section with the following open problem: 

Open Problem 4.24. Find a computable description of the set Ext(A, B)ss- For 
this purpose, it is worth to study [TUl Corollary 2.21]. In view of the previous two 
examples and Example l3.10l the algebra B = C°°{M) for some manifold M is of 
particular interest. 

5 Non-Trivial Noncommutative Principal Bundles 
with Finite Abelian Structure Group 

Again, let A be a finite abelian group. The main goal of this section is to present 
a geometrically oriented approach to the noncommutative geometry of principal 
A-bundles. Since the freeness property of a group action is a local condition (cf. 
[TOl Remark 8.10]), our main idea is inspired by the classical setting: Loosely 
speaking, a dynamical system {A, A, a) is called a noncommutative principal A- 
bundle, if it is "locally" a trivial noncommutative principal A-bundle in the sense 
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of Section 21 We prove that this approach extends the classical theory of principal 
A-bundles and present some noncommutative examples. In fact, we first show that 
each trivial noncommutative principal A-bundle carries the structure of a noncom- 
mutative principal A-bundle in its own right. We further show that examples of 
noncommutative principal A-bundles are provided by sections of algebra bundles 
with trivial noncommutative principal A-bundlc as fibre, sections of algebra bun- 
dles which are pull-backs of principal A-bundlcs and sections of trivial cquivariant 
algebra bundles. 

Notation 5.1. Let A be a unital locally convex algebra and C°°(]R, A) the alge- 
bra of smooth A-valued function on M endowed with the smooth compact open 
topology. For each a G A we define an element of C°°(M,A) by /a : R — > A, 
t t-^ 1a — ta and write la for the closure of the two-sided ideal generated by this 
element. We further write ^{a} ■= C°°{M.,A)/Ia for the corresponding locally 
convex quotient algebra and call it the smooth localization of A with respect to a. 
Given a dynamical system (A, A, a) and an element z in the fixed point algebra of 
the induced action of A on the center Ca of A, i.e., an element z G C^, the map 

: A X -> (A, [/]) ^ [a{X) o /] 

defines an action of A on A^^y by algebra automorphisms. In particular, the 
triple A, a^^j.) is a dynamical system and is called the smooth localization 

of {A, A, a) associated to the element z g C^. For a solid background on the 
previous discussion we refer to the first part of |19j . 

Definition 5.2. (Noncommutative principal A-bundles). We call a dynamical 
system [A, A, a) a noncommutative principal A-bundle if for each x S there 
exists an element z G with such that the corresponding localized 

dynamical system (A^^y, A, a^^}) is a trivial noncommutative principal A-bundle 
the sense of Section H) 

Remark 5.3. (An equivalent point of view). The previous definition of noncom- 
mutative principal A-bundles is inspired by the classical setting. Indeed, given 
z G C^, we recall that 

D{z) := {x G : x{z) 7^ 0}. 

Then a short observation shows that a dynamical system {A, A, a) is a non- 
commutative principal A-bundle if and only if there exists a family of elements 
{zi)i£i C satisfying the following two conditions: 

(i) The family {D{zi))i^j is an open covering of F^a. 

(ii) The localized dynamical systems {A^^.y, A, ct^^.y) arc trivial noncommutative 
principal A-bundles. 

Theorem 5.4. (Reconstruction Theorem). For a manifold P, the following as- 
sertions hold: 
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(a) If P is compact and (C°°(P), A,a) is a noncommutative principal A-bundle, 
then we obtain a principal A-bundle (P, P/A, A, pr, cr). 

(b) Conversely, if {P,M,A^q,a) is a principal A-bundle, then the corresponding 
dynamical system (C°°(P), A, a) is a noncommutative principal A-bundle. 

Proof The proof of this theorem is similar to the proof of [19j Theorem 8.11]. In 
fact, for part (a) we recall that if ^ is a commutative unital locally convex algebra 
and {A, A, a) a trivial noncommutative principal A-bundlc, then the induced action 
of A on the spectrum Ta of A is free (cf. Propositon l4.7p . For part (b) we have 
to add Theorem Ol ■ 

Example 1: Trivial Noncommutative Prinvipal A-Bundles 

We show that each trivial noncommutative principal A-bundlc carries the structure 
of a noncommutative principal A-bundlc: 

Theorem 5.5. (Trivial Noncommutative Principal A-bundles) . Each trivial non- 
commutative principal A-bundle {A,A,a) carries the structure of a noncommuta- 
tive principal A-bundle. 

Proof If [A, A, a) is a trivial noncommutative principal A-bundle, then 1^ G C'^ 
and x{^a) = 1 7^ holds for each x ^ ^c^- particular, [TSJ Corollary 2.10] im- 
plies that ^{1^} = A holds as unital locally convex algebras. Therefore, {A, A, a) 
is a noncommutative principal A-bundle in its own right. I 

Example 2: Sections of Algebra Bundles with a Trivial Non- 
commutative Principal A-Bundle as Fibre 

We show that if y4 is a unital Frechet algebra and [A, A, a) a trivial noncommu- 
tative principal A-bundle such that is isomorphic to C, then the algebra of 
sections of each algebra bundle with "fibre" {A, A, a) is a noncommutative princi- 
pal A-bundle. We start with the following lemma: 

Proposition 5.6. // [A, A, a) is a trivial noncommutative principal A-bundle and 
M a manifold, then the triple {C°° {M , A) , A, (3) , where 

/3 : A X C°°(M, A) ^ C°°(M, A), (A, /) ^ a(A) o / 

carries the structure of a trivial noncommutative principal A-bundle. 

Proof The claim directly follows from [1^1 Lemma 7.5] and the fact that the 
algebra A is naturally embedded in C°°{M,A) through the constant maps. In 
fact, if G A (again, A denotes the dual group of A), then the corresponding 
isotypic component C°° {M, A)ip is equal to C°° [AI, A^p). ■ 
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Remark 5.7. (The automorphism group of a dynamical system). Let {A, A, a) 
be a dynamical system. The group 

AutA(A) := {ifi e Aut(A) : (VA S A) a(A) oip = ipo a{\)} 

is called the automorphism group of the dynamical system A,a). 

Example 5.8. Let (M„(C),C„ x C„,a) be the trivial noncommutative principal 
Cn X C„-bundle of Example 14.181 Then we have 

Autc„xc„(M„(C))=C7„xC„. 

Indeed, we first recall that M„(C) is generated by the unitaries R and S. If 
now ip £ Autc^ xc„ (M„(C)), then a short observation leads to (p{R) — Xr ■ R 
and to (p{S) = Xs ■ S for some Xr^ Xs G C„. In particular, each element in 
Autc^xCn (M„(C)) corresponds to an element in C„ x C„ and vice versa. 

Theorem 5.9. Let A be a unital Frechet algebra and (A, A, a) a trivial noncom- 
mutative principal A-bundle such that C\ is isomorphic to C. Further, let M be a 
manifold, (Ui)i^i an open cover of M and Uij := Ut Pi Uj for i,j e /. // {gij)i,j<£i 
is a collection of functions gtj € C°° (Uij , Ant \{A)) satisfying 

gu = 1 and gi^gjk = gik on Uijk ■= Ui n [/, n Uk, 

then the following assertions hold: 

(a) There exists an algebra bundle (A, M, A, q) and bundle charts ipi : Ui x A 
Aif. such that 

{ip-'^ o ipj){x,a) = {x,g^J{x).a). 

Moreover, the map 

(T : A x A — ^ A, (A, a) ipi{x, a{X).ao), 

where i G I with x = q{a) e Ui and oq ^ A with ipi(x,aQ) = a, defines an 
action of A on A by fihrewise algebra automorphisms. 

(b) The map 

[3 : AxTK^VA, l3{X, s){m) := a{X, s{m)) 

defines an action of A on the corresponding space FA of sections by algebra 
automorphisms. Furthermore, the triple (FA, A,/3) carries the structure of a 
noncommutative principal A-bundle. 

Proof The first assertion of this theorem is a consequence of [THl Proposition 
8.17]. The proof of the second assertion is similar to the proof of [TUl Theorem 
8.20]. In fact, we just to have add Proposition l5.6l ■ 

Example 5.10. (Non-triviality of the previous construction). In this example we 
show that the previous construction actually leads to non-trivial examples. For 
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this we apply Theoreiii l5.9l to the trivial noncommutative principal C„ x C„-bundle 
(M„(C), C„ X C„, a) of Example 14. 181 In view of Example 15.81 we have 

Autc„xc„(M„(C)) ^C7„ X C„. 

In particular, a similar argument as in |16[ Proposition 2.1.14] implies that there 
is a one-to-one correspondence between the algebra bundles arising from Theorem 
15.91 (a) and principal C„ x C„-bundles. Thus, if (A, M, M„(C), q) is such an alge- 
bra bundle which corresponds to a non-trivial principal C„ x C„-bundle, then also 
(A, M, M„(C), g) is non-trivial as algebra bundle. We claim that the associated 
dynamical system (FA, C„ x C„,/3) of Theorem 15.91 (b) is a non-trivial noncom- 
mutative principal C„ x C„-bundle. To prove this claim we assume the converse, 
i.e., that (FA, C„ x C„,/3) is a trivial noncommutative principal C„ x C^-bundle. 
For this, we proceed as follows: 

(i) We first recall that M„(C) is generated by the unitaries R and S and that 
its elements are given by finite sums 

a = ^ UkiR'^S^ with aki 6 C. 

(ii) The definition of the action /3 implies that 

(FA)(i,o) = {s G FA : (V(C^ C') e C„ x C7„) {C\C').s = ■ s} 
= {s G FA : (Vm G M) s{m) G (A™)(i,o)} , 

where (Am)(i_o) denotes the isotypic component of the fibre Am corresponding to 
(1,0). Since (FA, C„ x C„, /3) is assumed to be a trivial noncommutative principal 
Cn X C„-bundle, we may choose an invertible element S(i o) G (FA)(2.o)- The same 
construction applied to the isotypic component corresponding to (0, 1) leads to an 
invertible element S(o.i) £ (rA)(o_i). 

(iii) If s'^j^ := prM^^(c) "f^^ °-^(i,o)|[/. • Ui — > M„(C), then a short observation 
shows that s]^^^ = A^j • R for some (smooth) function A^-^ : Ui —?' C„. The 
same construction applied to S(o,i) G (rA)(i q) shows that s^q — A|(, -^^ • S for 
some (smooth) function A'^q : Ui ^ Cn- 

(iv) We now show that the map 

ip:Mx M„(C) ^ A, (m,a = Y,akiR''S^^ '-^ XI "'='(*(i^o))''(™) • (s(o,i))'(™) 

is an equivalence of algebra bundles over M . Indeed, ip is bijective and fibrewise 
an algebra automorphism. Moreover, the map (p is smooth if and only if the map 

"04 PrM„(C) "'Pi^ ° <^|c/,xM„(C) : U^ x M„(C) M„(C), 

(^x,a = J2 akiR'^S'^ ^ Xafei(s(i,o))^(a;) ' (s^o,i))'(2;) 
is smooth for each i G /. Since 

U^,a) =^akiiXl,o))''i^) ■ (A|o.i))'(a;)i?'=5', 
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we conclude that 

^z=ao ((A'(io),A^o_i)) X idM„(c)) , 

i.e., that is smooth as a composition of smooth maps. A similar argument 
shows the smoothness of the inverse map. 

(v) We finally achieve the desired contradiction: In view of part (iv), A is a 
trivial algebra bundle contradicting the construction of A, i.e., that A is non-trivial 
as algebra bundle. This proves the claim. 

Example 3: Sections of Algebra Bundles which are Pull- 
Backs of Principal A-Bundles 

We show that if ^ is a unital Frcchet algebra with trivial center, (A, M, A, q) 
an algebra bundle and (P, M, A, tt, a) a principal A-bundle, then the algebra of 
sections of the pull-back bundle 

7r*(A) := {(p, a) 6 P X A : n{p) = q{a)} 

carries the structure of a noncommutative principal A-bundle. We start with the 
following lemma: 

Proposition 5.11. If A is a unital locally convex algebra and M a manifold, then 
the map 

a:AxC°°{MxA,A)^ C°°{M x A,A), (A,/) ^ (A./) (771, A') := f{m,\\') 

defines an action of A on C°°{M x A, A) by algebra automorphisms. In particular, 
the triple {C°°{M x A, A), A, a) carries the structure of a trivial noncommutative 
principal A-bundle. 

Proof For the proof we just have to note that the algebra C°° {M x A) is naturally 
embedded in C°°{M x A, A) through the unit clement of A. ■ 

Theorem 5.12. Let A be a unital Frechet algebra with trivial center, (A, M, A, q) 
an algebra bundle and (P, M, A, tt, cr) a principal bundle. If tt* [K) is the pull-back 
bundle over P and A :~ r7r*(A) the corresponding space of sections, then the 
following assertions hold: 

(a) The map 

cr : 7r*(A) X A ^ 7r*(A), ((p, a). A) ^ {p.\a) 
defines an action of G on tt* (A) . Moreover, the map 

a : A X ^ ^ ^, a(A, s){p) := a{s{p.\),\~^) 

defines an action of A on A by algebra automorphisms. 

(b) The dynamical system {A, A, a) carries the structure of a noncommutative 
principal A-bundle. 
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Proof The first assertion of ttiis tlieorem is a consequence of [121 Lemma 8.24 
and Proposition 8.25]. The proof of the second assertion is similar to the proof of 
[TOl Theorem 8.26]. In fact, we just to have add Proposition lS.llI ■ 

Example 5.13. (Non-triviality of the previous construction). In this example 
we show that the previous construction actually leads to non-trivial examples. 
Therefore let ri G N with n > 1 and C := exp(2^). Further, let m G N such 
that C™ = C (e.g. m = n + 1). Then [111 Remark 8.22] implies that the smooth 
two-dimensional quantum torus is isomorphic to the space of sections of a 

non-trivial algebra bundle A over with fibre Mm(C). Therefore, the pull-back 
along the non-trivial principal bundle (covering) defined by the natural action of 
C„ X Cn on T^, i.e., by 

for fc, / = 0, 1, . . . , n — 1, leads to a non-trivial algebra bundle 7r*(A) over with 
fibre Mm(C). We claim that the associated dynamical system {A,C„ x C„,a) 
of Theorem 15.121 (a) is a non-trivial noncommutative principal C„ x C„-bundle. 
To prove this claim we assume the converse, i.e., that (A, Cn x C„, a) is a trivial 
noncommutative principal C„ x C„-bundle and proceed as follows: 

(i) In the following let {ipi,Ui)i^i be a bundle atlas of the pull-back bundle 
TT* (A) over . For a section s £ A and i G / wc write 

St ■= PlM,„(C) ° S\Ui 

for the corresponding function in C°°{Ui, M„i(C)) (cf. jTHl Construction 4.3]). We 
recall that Sj{t) — gji{t) ■ Si{t) holds for all i,j G / and t € UinUj, where 

g,, : (U, nUj)x M,„(C) ^ A/^(C) 

denotes the smooth map defined by the transition function ipj^ o ipi. 

(ii) Let s G A. We show that the map 

Det(s) : ^ C, Det(s)(t) := det{s.,{t)), 

for I G / with z G f/i, is well-defined and smooth: In fact, the crucial point is to 
show that the map Det(s) is well-defined: For this let with z G UiCiUj. 

Since each automorphism of the matrix algebra Mm(C) is inner (cf. the well-known 
Skolem-Noether Theorem), we easily conclude that 

det{sj{t)) = det{gj,{t) ■ s^{t)) = det(s,(i)). 

The smoothness of the map Det(s) follows from the local description by a smooth 
function. 

(iii) Since {A, C„ x C„, a) is assumed to be a trivial noncommutative principal 
Cn X C„-bundle, there exist invertible elements F G .4(1 q) and F' G A(^o,i) such 
that F" = l_A and (i^')" = 1^- 
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(iv) Part (ii) now implies that / := Det(F) e C°°(T2). Since F is invertible, 
so is /, i.e., / takes values in C^. Moreover, the function / satisfies 

(C', C')-/ = (CO- Det(F) = Det(C'= • F) = (C'^)" • Det(F) 

for all k,l = 0,1,..., 71 — 1. Thus, / is an invertible element in C°°(T^)(io) 
satisfying /" = 1 (here we have used that the action of C„ x C„ on A restricts 
to an action on C_a = C°°(T^)). The same construction applied to F' gives an 
invertible element /' G {T'^)(o.i) satisfying (/')" = 1. 

(v) Finally, part (iv) leads to the desired contradiction: Indeed, we conclude 
just as in the proof of Theorem 14 . 81 that the smooth functions / and /' have image 
Cn and define an equivalence of principal C„ x C„ -bundles over 

TV(C„ X Cn) - T2 

given through the map 

^ : ^ TV(C„ X C„) X {Cn X C„), t ^ (pr(t), /(<), /'(<))• 
This is not possible, since is connected. 

Example 4: Sections of Trivial Equivariant Algebra Bundles 

We now consider again a principal bundle (P, A/, A, q, a) and, in addition, a unital 
locally convex algebra A. If tt : A x ^4 — > ^4 defines a smooth action of A on A by 
algebra automorphisms, then 

{p,a).X (p.A,7r(A"^).a) 

defines a (free) action of A on P x A and one easily verifies that the trivial algebra 
bundle (P x A,P,A,qp) is A-equi variant. Moreover, a short observation shows 
that the map 

a : A X C7°°(P, A) ^ C^{P, A), (A./)(p) ^(A)./(p.A) 

defines a smooth action of A on C°°{P,A) by algebra automorphisms. We recall 
that the corresponding fixed point algebra is isomorphic (as C°° (M)-algebra) to 
the space of sections of the associated algebra bundle 

A P x^ ^ := P xa ^ := (P X A)/ A 

over M. In fact, bundle charts of (P, A/, A, g, cr) induces bundle charts for the 
associated algebra bundle. 

Lemma 5.14. // we apply the previous situation to the trivial principal bun- 
dle [M X A, A'/, A, (jMj ca); then the corresponding dynamical system {C°°{M x 
A, A), A, a) carries the structure of a trivial noncommutative principal K-bundle 
with fixed point algebra C°° (Af , A) . 
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Proof For the proof we again just have to note that the algebra C°° {M x A) is 
naturahy embedded in C°°{M x A, A) through the unit element of A. ■ 

Theorem 5.15. // (P, M, A, tt, a) is a principal bundle, A a unital Frechet algebra 
with trivial center and n : A x A ^ A a smooth action of A on A, then the 
dynamical system (C°°(P, A), G, a) is a noncommutative principal A-bundle. 

Proof The proof of this theorem is similar to the proof of [I^l Theorem 8.30]. In 
fact, we just to have add Lemma l5.14p . ■ 

Example 5.16. We want to apply Thcorcm l5.15l to the the non-trivial principal 
bundle (covering) defined by the natural action of Cm x Cm on T^, i.e., by 

(zi,Z2).(C',C') := iC" -ziX' -^2) 

for fc, / = 0, 1, . . . , TO — 1, the algebra Af„i(C) and the action of Cm x Cm on A/„i(C) 
defined by 

(C^C')■^ — R^S'^AS-'^R-^ 

for k, I ~ 0,1, ... ,rn — 1. Here, R and S are defined as in Example 14.181 (9 = — ). 
The corresponding dynamical system {C°° (T'^ , Mm{C)) , Cm x Cm,ce) is a non- 
commutative principal Cm x Cm-bundle with fixed point algebra the rational 
quantum torus (cf. [17l Appendix E, Proposition E.2.5]). According to 

Example 14.181 the algebra Mm (C) carries the structure of a trivial noncommu- 
tative principal Cm x Cm-bundle. Therefore, it turns out that the same holds for 
(C°°(T^, Mm(C)), Cm X Cm, ct) siucc M,„(C) is naturally embedded in the algebra 
C°°(T2,Mm(C)) through the constant maps. 

Remark 5.17. (Non-triviality of the previous construction). Non-trivial examples 
can be constructed similarly as in Example 15. 131 

A Classification of Crossed Product Algebras 

Let G be a group and i? be a unital algebra. A (G, i?)-crossed product algebra is 
a G-graded unital algebra with Ai^ = B and the additional property that each 
grading space contains an invertible element. For example, if G is abelian and 
B = <C, then a (G, i3)-crossed product algebra is the same as a G-quantum torus 
in the terminology of [TI] . In this appendix we introduce a "cohomology theory" 
for crossed product algebras, which is inspired by the classical cohomology theory 
of groups. The corresponding cohomology spaces are crucial for the classification 
of trivial noncommutative principal bundles with compact abelian structure group. 
A detailed discussion for the case G = Z" can be found in [TB]. 

A.l Factor Systems 

We start with associating so-called factor systems to pairs (G, B) consisting of a 
group G and a unital algebra B. 
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Definition A.l. Let G be a group and i? be a unital algebra. 

(a) We write Cb : ^ Aut(i3) for the conjugation action oi on B. 

(b) We call a map S E (G, Aut{B)) an outer action of G on B if there exists 

Lu £ C'^{G,B'^) with 5s ^Cbolu, 

where 

5si9,9') ■.^Sig)S{g')S{9gT'- 

(c) On the set of outer actions we define an equivalence relation by 

^ {3heC\G,B''))S' = {CBoh)-S 

and call the equivalence class [S] of an outer action S a G-kernel. 

(d) For S e C\G,Aut{B)) and w G C^{G,B'') let 

{dsu:){g, g\g") S{g){u{g\g" jMg, g'g"Mgg\ g'T'^ig, gT' ■ 

Lemma A. 2. Let n £ N and B be a unital algebra and consider the group 
C^{G, B^ ) with respect to pointwise multiplication. This group acts on the set 

(G, Aut(B)) by h.S := {Cb o h) ■ S 

and on the product set 

C^{G,Aut{B)) X G2(G,S^) by h.{S,ij) {h.S,h*s^) 

for 

{h *5 u;)ig, g') h{g)S{g){h{g')Mg, g')h{gg')-^. 
The stabilizer of {S,uj) is given by 

C\G,B-)^s,^^^Z\G,Z{Br)s 
which depends only on [S], but not on oj, and the following assertions hold: 

(a) The subset 

{(5,0;) G Gi(G,Aut(B)) x C^{G,B'') : ds = Cbouj} 
is invariant. 

(b) IfSs = Gs o cj, then im(dsa;) C . 

(c) IfSs = Cb o w and h.(S.Lu) ~ (S",a;'), then ds'i^' ~ dsu). 

Proof A proof of this Lemma can be found in [Wall], Lemma 7.3.2. ■ 

Definition A. 3. Let n G N and B be a unital algebra. The elements of the set 

Z^{G,B) := G Gi(G, Aut(S)) x C^{G,B'') : 5s = CBOoj.dsoj = 1} 

are called factor systems for the pair (G, B). By Lemma [A. 2 [ the set ^'^(G, B) is 
invariant under the action of G^(G, B^ ) and we write 

H^{G,B) Z^{G,B)/C^{G,B'') 

for the corresponding cohomology space. 
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A. 2 Classification of Crossed Product Algebras 

Given a group G and a unital algebra B, the main goal of this section is to present 
a complete classification of (G, _B)-crosscd product algebras. We start with the 
precise definition: 

Definition A. 4. (Crossed product algebras). A G-gradcd unital algebra 

geG 

with B := Ai^ is called an (G, B)-crossed product algebra, if each grading space 
Ag contains an invertible element. 

We now provide a construction that associates to each (G, i3)-crossed product 
algebra A a class in H^{G, B): 

Construction A. 5. (Characteristic classes). Let A be a (G, i?)-crossed product 
algebra. The set 

K ■■= U 

of homogeneous units is a subgroup oi A^ containing B^ . We thus obtain an 
extension 

l^B^'^A^^G^l (5) 

of groups, where q{ag) :~ g. In particular, Af^ is equivalent to a crossed product 
of the form B^ ^{s,u:) G for a factor system {S,uj) € Z^{G,B). In this way each 
(G, i3)-crossed product algebra A induces a characteristic class 

xiA) := [{S,io)]eH\G,B). 

Lemma A. 6. Each (G, B)-crossed product algebra A possesses a characteristic 
class xiA) e H^{G,B). 

Proof Indeed, this statement immediately follows from Construction IA.5] ■ 

Definition A. 7. Two (G, -B)-crossed product algebras A and A' are called equiv- 
alent if there is an algebra isomorphism ip : A ^ A' satisfying (p{Ag) = A'g for all 
g G G. li A and A' are equivalent (G, i3)-crossed product algebras, then we write 
[A] for the corresponding equivalence class. 

Proposition A. 8. Let A and A' be two equivalent (G, B)-crossed product algebras. 
Then their corresponding characteristic classes coincide, i.e., 

x{A)^x{A')eH\G,B). 

Proof If A and A' are equivalent, then the same holds for their corresponding 
extensions of Construction IA.5I Thus, the claim follows from [SJ Chapter IV, 
Section 4]. ■ 
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Definition A. 9. (Set of equivalence classes). Let G be a group and -B be a unital 
algebra. We write Ext(G', B) for the set of all equivalence classes of (G, i3)-crossed 
product algebras. 

Lemma A. 10. The map 

X:Ext{G,B) ^ H^{G,B), [A] ^ xi^) 

is well-defined. 

Proof The statement immediately follows from Proposition lA. 81 ■ 
In the remaining part we show that the map x is a bijection: 

Construction A.ll. Let G be a group and i? be a unital algebra. Further, let 

A:=^Bv, 

geG 

be a vector space with basis {vg)g^G- For a factor system {S,oj) E Z^{G,B), we 
define a multiplication map 

"^(s,a;) ■■ Ax A 
given on homogeneous elements by 

m(s,cj)ibvg,b'vg,) := b{S{g){b'))uj{g, g')vgg, , (6) 

and write ^(s,ij) for the vector space A endowed with the multiplication ([5]). A 
short calculation shows that ^(s,tj) is a G-graded unital algebra with Ai^ = B 
and unit vi^ . Moreover, each grading space Ag contains invertible elements w.r.t. 
to this multiplication: Indeed, if & G B^ , then the inverse of bvg is given by 

S{g)-\b-'co{g,g'')-')vg-^- 

Thus, A^s u) is a (G, i?)-crossed product algebra which has characteristic class 
X(%,„)) = [(^,c.)]. 

Proposition A. 12. If G is a group and B a unital algebra, then each element 
[{S, u))] G H^{G, B) can be realized by a (G, B)-crossed product algebra with x(^) = 

Proof This statement is a consequence of Construction I A. lH In fact, if [(S*, w)] 
represents a class in H^{G, B), then ^(s.tj) satisfies the requirements of the propo- 
sition. ■ 

Proposition A. 13. Let A be a (G, B)-crossed product algebra. Then A is equiva- 
lent to a (G, B)-crossed product algebra of the form A(^g ^-^ for some factor system 
{S,u:)&Z\G,B). 
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Proof Let A be a (G, i3)-crossed product algebra. We consider the corresponding 
short exact sequence of groups 

and choose a section a : G ^ A^^ . Now, a short calculation shows that the map 

see see 
given on homogeneous elements by 

defines an equivalence of (G, i?)-crossed product algebras. ■ 

Proposition A. 14. LetG be a group and B be a unital algebra. Further, let {S,uj) 
and [S' ,u)') be two factor systems in Z'^{G,B) with [(5,0;)] = [(S",a;')]. Then the 
corresponding (G, B)-crossed product algebras ^(s,w) ci'fT'd ^(5/^/) are equivalent. 

Proof First recall that the condition [{S',uj')] ~ [{S,uj)] is equivalent to the 
existence of an element h £ C^{G, B^) with 

h.{S,u;) = {S',u;'), 

Now, a short observation shows that the map 

if : Bvg,m(^s',cj')) ^ ( -^Wg, m(s_^)) , 

geG geG 

given on homogeneous elements by 

(fibvg) = bh{g)vg, 

is an automorphism of vector spaces leaving the grading spaces invariant. We 
further have 

m(^s,uj){'p{bvg),f{b'vg')) = ■m(^s,uj){bh{g)vg,b'h{g')vg') 

= bh{g)S{g){b'h{g'))uj{g,g')vgg, 

= b[CB{h{g)){S{g){b'))]h{g)S{g){h{g'))Lo{g,g')vgg, 

= b{h.S){g){b'){h^suj)ig,g')h{gg')vgg, 

= ^{b{h.S){g){b')ih*soj)ig,g')vgg,) 

= V'{'mi^s',uj'){bvg,b'vg,)). 

Hence, the map ip actually defines an equivalence of (G, i?)-crosscd product alge- 
bras. ■ 

We are now ready to state and proof the main theorem of this section: 
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Theorem A. 15. Let G he a group and B be a unital algebra. Then the map 



X : Ext(G, B) ^ H\G, B), [A] ^ x{A) 
is a well-defined bijection. 

Proof We first note that Lemma lA.lOl implies that the map x is well-defined. 
The surjectivity of x follows from Proposition IA.12I Hence, it remains to show 
that the map x is injective: For this let A and A' be two (G, i?)-crossed product 
algebras with x(A) = x(^')- Proposition I A . 1 3) we may assume that A = ^(s,!^) 
and A' = ^(s'.w') for two factor systems {S,uj) and (S",w') in Z^{G,B) with 
\{S\uj')] = [{S,uj)]. Thus, the claim follows from Proposition I A. 141 ■ 

A. 3 G-Kernels 

We just saw that the set of all equivalence classes of (G, i?)-crossed product alge- 
bras is classified by the cohomology space H^{G,B). Moreover, Proposition IA.8I 
in particular implies that equivalent (G, i3)-crossed product algebras correspond 
to the same G-kernel. This leads to the following definition: 

Definition A. 16. (Equivalence classes of G-kernels). Let G be a group and B 
be a unital algebra. We write Ext(G, for the set of equivalence classes of 

(G, i3)-crossed product algebras corresponding to the G-kernel [5*]. 

Note that the set Ext(G,-B)[5] may be empty. The aim of this section is 
to show how to classify this set and give conditions for its non-emptiness. The 
following proposition basically states that if Ext(G, -B)[5] is non-empty, then it is 
classified by the second group cohomolgy space H^{G, Z{B)^)[s] (cf. [HI Chapter 
IV, Section 4]): 

Proposition A. 17. Let G be a group and B be a unital algebra. Further, let S be 
an outer action of G on B with Ext(G, i?)]^] ^ 0. Then the following assertions 
hold: 

(a) Each extension class in Ext(G, -B)[5] can be represented by (G, B)-crossed 
product algebra of the form A^g ^^y 

(b) Any other {G, B)- crossed product algebra ^4(5 ;^/) representing an element of 
Ext(Z", satisfies 

w'-w-i e Z\G,Z{B)'')[s]. 

(c) Two (G, B)-crossed product algebras A(^g i^'l and A(^g^^i-^ are equivalent if and 
only if 

uj' -Lo-^ G B'^{G,Z{B)''\s]. 

Proof (a) From Proposition IA.12I we know that each (G, i?)-crossed product 
algebra A is equivalent to one of the form A^^gi ^^^y If [S] = [S'] and h e G^(G, B^ ) 
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satisfies h.S = S", tlien ft.-i.(5", cj') = [S^h'^ ^s' ^^'), so that lu" := h'^ *s' 
implies that ^(5/ (^/-j and ^(s,tj") are equivalent. This means that each extension 
class in Ext(G, i3)[5] can be represented by a (G, i?)-crossed product algebra of 
the form A(^g i^"y 

(b) If (5, w) and {S, lu') are two factor systems for the pair (G, B), then Cbouj = 
6s = Cbouj' implies (5 := oj' ■ uj'^ S C^{G, ZiB)""). Further dsuj' = dsuj = Is, 
so that 

1b = dsuj' = dsuj ■ dsP = dsP 
implies (3 e Z2(G,Z(B)^)[5]. This means that u' e uj ■ Z^{G, Z{B)'')[s]. 

(c) ("=►") In view of Proposition's] and Proposition lA. 14l the equivalence of 
the (G, _B)-crossed product algebras ^(s,^;) and ,^/-)is equivalent to the existence 
of an element h e C^{G, B^) with 

S = h.S = {Cb oh) ■ S and uj' = h*s uj. 

Then Cb oh = ids implies that h G C^{C, Z{B)^) which in turn immediately 
leads to uj' ~ h *s uj — (dsh) ■ uj, i.e., 

c^'c.-! ei?2(G,Z(i?)X)[5]. 

(" ") If conversely uj'uj~-^ — dsh for some h G G^(G, Z{B) ^' ), then we easily 
conclude that h.S = S and co' = h *s uj. ■ 

Theorem A. 18. Let G be a group and B be a unital algebra. Further, let [S\ be 
a G-kernel with Ext(G,-B)[5] 7^ 0. Then the map 

H\G,Z{B)'')[s] X Ext(G,i?)[s] ^Ext(G,i?)[5] 

given by 

is a well-defined simply transitive action. 

Proof This follows directly form Proposition I A. 1 7l ■ 

Remark A. 19. (Commutative fixed point algebras). Let G be a group and sup- 
pose that B is a commutative unital algebra. Then the adjoint representation of 
B is trivial and a factor system {S, w) for (G, B) consists of a module structure 
given by a homomorphism 5* : G — >■ Aut(B) and an element uj £ C^{G, B^). Thus, 
{S, w) defines a (G, B)-crossed product algebra A(^s,uj) if and only if dsuj = Is, i.e., 
u! G Z'^{G, B^). In this case we write A^^ for this (G, i?)-crossed product algebra. 

Further 5* ~ 5" if and only if 5* = 5". Hence a G-kernel [S] is the same as 
a G-module structure S on B and Ext(G, 5)5 := Ext(G, i3)[5] is the set of all 
(G, i?)-crossed product algebras corresponding to the G-modulc structure on B 
given by S. 

According to Theorem lA.lSi these equivalence classes correspond to cohomol- 
ogy classes of cocycles, so that the map 

H\G,B'')s ^ Ext(G,S)5, H ^ [A^] 
is a well-defined bijection. 
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We now give a condition that ensures the non-emptiness of the set Ext(G', B)[s] 
for a given G-kernel S. We first need the fohowing definition: 

Definition A. 20. Let G be a group and i? be a unital algebra. Further, let S 
be an outer action of G on B and choose lu G C^{G, B^) with 5s = Cb ° oj. The 
cohomology class 

i^iS) [dsuj]eH'iG,Z{Br)s 

docs not depend on the choice of uj and is constant on the equivalence class of 5, 
so that wc may also write i^([S']) :~ I'iS) (cf. [T71 Corollary 7.3.25 for G = Z"]). 
We call i'{S) the characteristic class of S. 

The next theorem provides a group theoretic criterion for the non-emptiness 
of the set Ext(G,B)[5]: 

Theorem A. 21. Let G be a group and B be a unital algebra. If [S] is a G-kernel, 
then 

iy{[S]) = l ^ Ext(G,i?)[5] ^0. 

Proof (" <J= ") If there exists a(G, i3)-crossed product algebra A corresponding 
to [S], then Proposition IA.131 implies that we may w.l.o.g. assume that it is of 
the form A^g In particular, this means that dsc^ = 1b- Hence, we obtain 
ui[S]) = [dsco] = 1. 

(" =^ ") Suppose, conversely, that J^([>S']) = [rfs"^] = 1- Then there exists an 
element w G G^{G,B'') with (5s = Gs o cj and some h g G'^{G,Z{BY) with 
dsoj = dsh^^. Therefore uj' -.^ lu ■ h e G'^{G,B^) satisfies 

dsuj' ~ dsuj ■ dsh ~ 1 and Ss ~ Gb ° lj' . 

Hence, (5*, w') is a factor system for {G,B) and Proposition IA.12] implies the 
existence of a (G, i?)-crosscd product algebra A^s u') corresponding to the G-kernel 
[S]. U 

A. 4 A Landstad Duality Theorem for Crossed Product Al- 
gebras 

In the following let G be a compact abelian group. In the last part of this appendix 
we present a Landstad duality theorem for G*-dynamical systems {A, G, a) with 
the property that each isotypic component contains an invertible element. Wc did 
not find such a result in the literature. 

Notation A. 22. Given a G*-dynamical system {A,G,a), we write 
A^:={aeA: {Vg G G) a{g, a) = Lp{g) ■ a} 

for the isotypic component corresponding to an element Lp in the dual group G 
of G. In particular, we write B := A'^ = Aq for the corresponding fixed point 
algebra. 
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Lemma A. 23. Let G he a compact ahelian group and {A, G, a) be a G* -dynamical 
system such that each isotypic component contains an invertible element. Then 
each isotypic component also contains a unitary element. 

Proof Let ip £ G and a^p G A^p be an invertible element. Then we conclude from 
polar decomposition for C*-algebras that = |a^|U(^ for some positive element 
\a^\ and a unitary element u^. Further, the construction implies that \a^\ € B 
and thus that Uip S A^ as desired. Hence, each isotypic component contains a 
unitary element. ■ 

Construction A. 24. Let G be a compact abelian group and {A, G, a) be a C*- 
dynamical system such that each isotypic component contains an invertible ele- 
ment. According to Lemma |A.23[ we may choose in each isotypic component A^p 
a unitary element u^, which in turn leads to a factor system {S,uj) for the pair 
(G, B) (cf. El]) defined by 
maps 

S -.G ^ Aut{B), S{ip).b ■.= u^bu*^ 

and ^ 

uj:GxG^ U(B), uj{ip, ifi') := u^u^,u*^.^,, 

where U(i?) denotes the unitary group of B. The corresponding algebra ^4(5^) 
from Construction [STTll carries a natural involution given by 

{bv^y := u}{-ip,ip)^^S{-ip).b*V-^ 

and a short observation shows that multiplication and involution are continuous 
for the £^-norm 

We write £^ (A( g^^) ) for the corresponding involutivc Banach algebra and G* ( A(- 5 ) 
for the enveloping G*-algebra of €^(A(5^)) (cf. Definition I4.12p . 

Remark A. 25. In view of the terminology of Example 14 . 1 21 ( cf . Example 14. 17p we 
could also write e^{B X(5_„) G) for ^H^(s,w)) and C*{B X(5_„) G) for G*(A(5.„)). 

Proposition A. 26. Suppose we are in the situation of Construction \A724\ Then 
A is isomorphic (as G* -algebra) to G*(A(5(^)). 

Proof Since G is amenable and both algebras are topologically graded (cf. (SJ 
Definition 3.4]), the assertion follows from [SI Proposition 4.2]. In fact, a short 
observation shows that A and C*{Ai^s,uj}) generate isomorphic Fell bundles (cf. 
also called G*-algebraic bundles B 
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